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DRESSING ORBITS AND A QUANTUM HEISENBERG 
GROUP ALGEBRA 

BYUNG-JAY KAHNG 


Abstract. In this paper, as a generalization of Kirillov’s orbit the¬ 
ory, we explore the relationship between the dressing orbits and irre¬ 
ducible *-representations of the Hopf C*-algebras (A, A) and ( A , A) we 
constructed earlier. We discuss the one-to-one correspondence between 
them, including their topological aspects. 

On each dressing orbit (which are symplectic leaves of the underlying 
Poisson structure), one can define a Moyal-type deformed product at 
the function level. The deformation is more or less modeled by the 
irreducible representation corresponding to the orbit. We point out that 
the problem of finding a direct integral decomposition of the regular 
representation into irreducibles (Plancherel theorem) has an interesting 
interpretation in terms of these deformed products. 


Introduction. According to Kirillov’s orbit theory m, m, the repre¬ 
sentation theory of a Lie group is closely related with the coadjoint action of 
the group on the dual vector space of its Lie algebra. The coadjoint orbits 
play the central role. The program is most successful for nilpotent or expo¬ 
nential solvable Lie groups. While it does not work as well for other types 
of Lie groups, the orbit theory, with some modifications, is still a very useful 
tool in the Lie group representation theory. 

It is reasonable to expect that a generalization to some extent of the 
Kirillov-type orbit theory will exist even for quantum groups. On the other 
hand, it has been known for some time that the “geometric quantization” of 
physical systems is very much related with the construction of irreducible uni¬ 
tary representations in mathematics (See G2, 0, ESP The orbit theoretical 
approach is instrumental in these discussions. 

Generalizing the orbit theory to the quantum group level is a quite inter¬ 
esting program d, and is still on-going since late 80 ’s m, EOD- In this 
paper, we will focus our attention to the examples of non-compact quantum 
groups (A, A) and (A, A), which we constructed in dl (See also du, my 
Noting the fact that the classical counterparts to (A, A) and (A, A) are expo¬ 
nential solvable Lie groups, we plan to study these examples from the point 
of view of the (generalized) orbit theory. Most of the results in this paper are 
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not necessarily surprising. But we still believe this is a worthwhile project, 
especially since we later plan to explore the aspect of our examples as certain 
quantized spaces as well as being quantum groups. 

Our goal here is twofold. One is to study the representation theory of the 
examples (A, A) and (A, A), by using the orbit theory. Although we now 
work with dressing actions instead of coadjoint actions, we will see that many 
of the results are analogous to those of the classical counterparts. More long¬ 
term goal is to further investigate how the orbits and representation theory 
are related with the quantization process. 

This paper is organized as follows. In section 1, we review some preliminary 
results from our earlier papers. We discuss the Poisson structures, dressing ac¬ 
tions and dressing orbits. Then we recall the definitions of our main examples 
(A, A) and (A, A). In section 2, we study the irreducible *-representations of 
our examples, in connection with the dressing orbits. Going one step further 
than just pointing out the one-to-one correspondence between them, we will 
discuss the correspondence in terms of the topological structures on the set 
of orbits and on the set of representations. 

For each dressing orbit O , which is actually a symplectic leaf, we can con¬ 
struct a Moyal-type, deformed (quantized) product on the space of smooth 
functions on O. We do this by considering these smooth functions as oper¬ 
ators on a Hilbert space. We first find, in section 3, a canonical measure on 
each orbit, which plays an important role in the construction of the Hilbert 
space. The orbit deformation is carried out in section 4. It turns out that the 
deformation of an orbit O is “modeled” by the irreducible “"-representation 
corresponding to O. Furthermore, we will see that the “regular representa¬ 
tion” L, which we used in m to give the specific operator algebra realization 
of A, is equivalent to a direct integral of the irreducible *-representations. 
This is a version of the Plancherel theorem. 

The discussion in section 4 (concerning the deformation of orbits) is re¬ 
stricted to the case of (A, A), while the case of (A, A) is postponed to a fu¬ 
ture paper. However, we include an Appendix at the end of section 4, where 
we give a short preliminary report on the case of (A, A). Although most of 
the general ideas do go through, there are some technical obstacles which we 
have to consider. We hope that the discussions in sections 3 and 4 (as well 
as the ones in Appendix) will be helpful in our attempts to understand the 
relationship between the orbits and the quantization process. 

1. Preliminaries 

Our objects of study are the Poisson-Lie groups H , G and H, G, as well 
as their quantizations (i. e. “quantum groups”) (A, A) and (A, A). For more 
complete descriptions of these objects, see [TO] (and also DU)- Let us begin 
with a short summary. 
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1.1. The Poisson—Lie groups H , G, H , G. The dressing orbits. The 

group H is the (2 n + l)-dimensional Heisenberg Lie group. Its underlying 
space is R 2n+1 and the multiplication on it is defined by 

(x, y, z)(x', y', z') = (x + x 1 , y + y', z + z' + x ■ y'), 

for x, x', y, y' G R" and z,z' G R. We also consider the extended Heisenberg 
group H , whose group law is given by 

(x, y, z, w)(x', y', z ', w') = (x + e w x ', y + e~ w y', z + z' + e~ w x ■ yw + w'). 

It is (2 n + 2)-dimensional. The notation is similar as above, with w, w' G R. 
It is easy to see that H contains H as a normal subgroup. 

In TOf, we obtained the “dual Poisson-Lie group” G of H. It is (2 n + 2)- 
dimensional, considered as a dual vector space of H , and is determined by the 
multiplication law: 

(P, <7, r, s)(p', q', r', s') = (e Xr 'p + j/, e Xr 'q + q',r + r\ s + s 1 ). 

And the dual Poisson-Lie group G of H is determined by the multiplication 
law: 

( P,Q,r)(p',q’,r ') = {e Xr 'p + p', e Xr 'q + q', r + r'). 

Remark. In the above, A G R is a fixed constant, which determines a certain 
non-linear Poisson structure when A / 0. In section 1 of m, we gave a 
discussion on how the above pairs of Poisson-Lie groups are related with a so- 
called “classical r-matrix” element. Meanwhile, note that by taking advantage 
of the fact that the groups are exponential solvable, we are considering them 
as vector spaces (identified with the corresponding Lie algebras). 

Given a dual pair of Poisson-Lie groups, there exists the so-called dressing 
action of a Poisson-Lie group acting on its dual Poisson-Lie group. It is rather 
well known that the notion of a dressing action is the natural generalization of 
the coadjoint action of a Lie group acting on the dual space of its Lie algebra. 
Also by a result of Semenov-Tian-Shansky, it is known that the dressing orbits 
are exactly the symplectic leaves in the Poisson Lie groups EP, mi- 

it is customary to define the dressing action as a right action. But for the 
purpose of this paper and the future projects in our plans, it is actually more 
convenient to work with the “left” dressing action. It is related to our specific 
choice in uni of the multiplications on G and (A, A), so that the left Haar 
measure naturally comes from the ordinary Lebesgue measure on G (See also 
m .). To compute the left dressing action of H on G (similarly, the action of 
H on G), it is useful to consider the following “double Lie group” H x G. It 
is isomorphic to the definition considered in HU 

Here and throughout this paper, we denote by i/\(r) the expression, rj\(r) := 

e 2\r _ i 

. When A = 0, we take g\(r) = r. 
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Lemma 1.1. Let H t*\ G be defined by the following multiplication law: 

(x, y, z, w,p , q, r, s)(x', y’, z\ w';p', q', r', s') 

= (x + e Xr+w x' ,y + e Xr ~ w y ', 

z + z' + e Al ~ w x ■ y' — Xp ■ x' — Xq ■ y' + \ri\(r)x' • y , w + w'\ 
e xr ' +w 'p + p' - e Xr ' +w 'r]x(r)y', e Xr '~ w 'q + q' + e Xr '~ w ‘r] X {r)x ', 
r + r', s + s' — p ■ x' + q ■ y' + rj\(r)x 1 ■ y '). 

We recover the group structures of H and G, by identifying (x,y,z,w) £ 
H with (x, y, z, w\ 0, 0,0, 0) and ( p,q,r,s) £ G with (0,0, 0,0;p, q, r, s). It is 
clear that H and G are closed Lie subgroups. Note also that any element 
(x,y,z,w;p,q,r,s) £ H tx G can be written as 

(x, V, z, w, P, Q, r, s ) = (x, y, z, w; 0,0,0,0)(0,0,0,0; p, q, r, s). 

In other words, H dxi G is the “double Lie group ” of H and G. Meanwhile, if 
we consider only the (x, y, z) and the (jp, q, r) variables, we obtain in the same 
way the double Lie group H cxi G of H and G. 

Proof. The group is obtained by first considering the “double Lie algebra” 
(Ell), which comes from the Lie bialgebra (f),§) corresponding to the Pois¬ 
son structures on H and G (See m for computation.). Verification of the 
statements are straightforward. □ 

The left dressing action is defined exactly in the same manner as the usual 
(right) dressing action. For h £ H and p £ G, regarded naturally as elements 
in H G, we first consider the product p ■ h. Factorize the product as 
p ■ h = h^ 1 ■ p h , where h 11 £ H and p h £ G. The left dressing action, 6, of H 
on G is then given by 5h{p) := p( h h 

We are mainly interested in the dressing orbits contained in G and G, which 
will be the symplectic leaves. The following two propositions give a brief 
summary. For the computation of the Poisson bracket on G, see Theorem 2.2 
of Ej£. The Poisson bracket on G is not explicitly mentioned there, but we 
can more or less follow the proof for the case of G. The computations for the 
dressing orbits are straightforward from the definition of the Poisson brackets. 

Proposition 1.2. (1) The Poisson bracket on G is given by the following 

expression: 

{</>,V’}(P,<b'r) = r]\(r)(x ■ y' - x' ■ y), for (f),^ £ C°°{G). 

Here d<fi(p,q,r) = ( x,y,z) and dip(p,q,r) = (x',y',z'), which are nat¬ 
urally considered as elements of f). 

(2) The left dressing action of H on G is: 

(S(a,b,c))(p,q,r) = (p + rjx{r)b, q - ?? A (r)a,r). 
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(3) The dressing orbits in G are: 

• O p , q = { (p, q, 0 )}, when r = 0 . 

• O r = {(a,/?, r) : (a,/?) € R 2n }, w/ien r ^ 0. 

77ie 0 Pt q are 1-point orbits and the O r are 2n -dimensional orbits. By 
standard theory, these orbits are exactly the symplectic leaves in G for 
the Poisson bracket on it defined above. 

Proposition 1.3. (1) The Poisson bracket on G is given by 

{4>, ip}(p, q,r,s) = p ■ (wx' - w'x) + q • ( w'y - wy') + rj\(r)(x ■ y' - x' • y), 

for <j),ip £ C°° ( G). We are again using the natural identification 
of dcf>(p, q,r, s) = ( x,y,z,w ) and dif(p, q,r, s) = (a/, y', z', w') as ele¬ 
ments of \). 

(2) The left, dressing action of H on G is: 

(6(a,b,c,d))(p,q,r,s) = (e~ d p + r]\(r)b, e d q - r]\(r)a,r, 

s + e~ d p ■ a — e d q ■ b + T]\(r)a ■ b ). 

(3) The dressing orbits in G are: 

• O s = {( 0 , 0 , 0 , s)} , when ( p,q,r ) = ( 0 , 0 , 0 ). 

• O p q = {(ap,^q, 0 , 7 ) : a > 0,7 £ R}, when r = 0 but ( p,q ) ^ 
( 0 , 0 ). 

• O rtS = {(a,fi,r,s — ^jpja ■ ff) : (a, (3) € R 2 ”}, when r ^ 0. 

The O s are 1-point orbits, the O p , q are 2-dimensional orbits, and 
the Or tS are 2n-dimensional orbits. These are exactly the symplectic 
leaves in G for the Poisson bracket on it. 

Remark. We should point out that the notation for the 2-dimensional orbits 
Op, q in G are somewhat misleading. We can see clearly that we can have 
Op.q = O p ' t q’, if p' = ap and q' = —q for some a > 0. To avoid introducing 
cumbersome notations, we nevertheless chose to stay with this ambiguity. A 
sketch is given below (in figure 1 ) to help us visualize the situation. 


(Figure 1: Trace curves of the orbits on the r = s = 0 plane) 
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1.2. The Hopf G*-algebras (A, A) and (A, A). By realizing that the Pois¬ 
son structures on G is a non-linear Poisson bracket of the “cocycle perturba¬ 
tion” type (as in |JJ), we were able to construct the Hopf G*-algebras (quan¬ 
tum groups) (A, A) and (A, A) by deformation. For their precise definitions, 
see ‘ TT) . 

As a G*-algebra, A is isomorphic to a twisted crossed product algebra. 
That is, A = C* (H/Z,Co(G/Z^),<j ), where H and G(= H*) are as in §1.1 
and Z is the center of H (so Z = {(0, 0, z)’s}). We denoted by a the twisting 
cocycle for the group H/Z. As constructed in HO}, er is a continuous field of 
cocycles G/ Z 1 - 9 r ^ (T r , where 

cr r ((x, y), ( x y ')) = e[y x (r)x ■ y']. 

Following the notation of the previous papers, we are letting e(t) = e ^ 27 ”) 4 
and e(t) = e (_2,r o t , while y\ (r) is as before. The elements ( x,y ), ( x',y') 
are group elements in H/Z. Via a certain “regular representation” L, we 
were able to realize the G*-algebra A as an operator algebra in B(H), where 
H = L 2 (H/Z x G/Z^) is the Hilbert space consisting of the L 2 -functions in 
the ( x,y,r ) variables. 

In id;, we showed that the G*-algebra A is a strict deformation quantiza¬ 
tion (in the sense of Rieffel |24| 1 of Go(G). For convenience, the deformation 
parameter h has been fixed (h = 1 ), which is the reason why we do not see 
it in the definition of A. When H = 0 (i. e. classical limit), we take a = 1. 
Then A ^-o = Cq(G). Throughout this paper (as in our previous papers), we 
write A = A^ = i. On A, an appropriate comultiplication can be defined using 
a certain “(regular) multiplicative unitary operator”. Actually, we can show 
(see I12| l that (A, A) is an example of a locally compact quantum group , in 
the sense of Kustermans and Vaes m ■ All these can be done similarly for 
the case of H and G, obtaining (A, A). 

Since our goal here is to study the *-representations of A and A, we will go 
lightly on the discussion of their quantum group structures. We will review the 
notations as the needs arise. For the most part, it will be useful to recall that 
we can regard (A, A) as a “quantized G*(Ff)”, i. e. a “quantum Heisenberg 
group algebra”. Or dually, we may regard it as a “quantized Go(G)”. Similar 
comments hold for (A, A), which can be considered as an “extended quantum 
Heisenberg group algebra” (“quantized C*(H)”) or as a “quantized Co(G)”. 

2. The irreducible *-representations 

The irreducible *-representations of (A, A) and (A, A) have been found 
in El, taking advantage of the fact that A and A are twisted group G*- 
algebras. The results are summarized in the first two propositions below. 
Note that we study here the *-representations of (A, A) and (A, A), instead 
of their corepresentations. By the observation given in the previous section, 
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the *-representations of A [and A] more or less correspond to the group rep¬ 
resentations of H [and H\. 

Notation. In the below, A is the space of Schwartz functions in the ( x,y,r ) 
variables, having compact support in the r variable. Similarly, A is the space 
of Schwartz functions in the ( x, y, r, w ) variables, having compact support 
in the r and w. By viewing these functions as operators (via the regular 
representation L ; see equation (2.4) and Example 3.6 of [TO]), we saw in 
the previous papers that they are dense *-subalgebras of A and A. Most of 
our specific calculations have been carried out at the level of these function 
algebras. 


Proposition 2.1. Every irreducible representation of A is equivalent to one 
of the following representations. Here, f £ A. 

• For (p, q) £ R 2n , there is a 1-dimensional representation 7 r Pig of A, 
defined by 

%,«(/) = J f( x > 2 /> °)e(p -x + q-y) dxdy. 

• For r 6 I, r / 0, there is a representation 7 iy of A, acting on the 
Hilbert space TL r = £ 2 (R") and is defined by 

7 r r(/)^(w) = J f(x, y, r)e{r]x{r)u ■ y)f{u + x) dxdy. 

We thus obtain all the irreducible * -representations of A by naturally extending 
these representations. We will use the same notation, 7 r Pi<? and n r , for the 
representations of A constructed in this way. 

Proposition 2.2. The irreducible * -representations of A are obtained by nat¬ 
urally extending the following irreducible representations of the dense subal¬ 
gebra A. Here, f £ A. 

• For s£l, there is a 1-dimensional representation 7 r s defined by 

f(x, y, 0 , w)e(sw) dxdydw. 

• For ( p,q ) € R 2n , (p,q) ^ (0,0), there is a representation n p ^ q acting 
on the Hilbert space Ti Piq = £ 2 (R) defined by 

d q ■ y)((d + w) dxdydw. 

• For (r, s) £ R, r / 0, there is a representation 7 iy iS acting on the 
Hilbert space 7t r , s = L 2 (R") defined by 

Kr,s(f)€( u ) = / f(x,y,r,w)e(sw)e(r]x(r)u-y)(e~^) n ((e~ w u+e~ w x) dxdydw. 


o, q (f)((d) = j f(x,y,0,w)e(e d p-x - 
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We will use the same notation, tt s , n Ptq , and Tr r , s , for the corresponding rep¬ 
resentations of A. 

Remark. For the construction of these representations, see section 2 of m 
Meanwhile, a comment similar to an earlier remark has to be made about 
the representations Tt P ,q. It is not very difficult to see that 7 t P i9 and n p > tq i are 
equivalent if and only if p' = e l p and q' = e~ l q for some real number l. Again, 
to avoid having to introduce cumbersome notations, we are staying with the 
(possibly ambiguous) notation used above. 

These are all the irreducible *-representations of A and A up to equivalence 
(assuming we accept the ambiguity mentioned in the above remark). We did 
not rely on the dressing orbits to find these representations (we constructed 
the irreducible representations via the machinery of induced representations 
mi but we can still observe that the irreducible representations of A and 
A are in one-to-one correspondence with the dressing orbits in G and G, 
respectively. To emphasize the correspondence, we used the same subscripts 
for the orbits and the related irreducible representations. 

Let us denote by G(A) the set of dressing orbits contained in G. Since G 
is being identified with its Lie algebra g, it is equipped with the (2n + 1)- 
dimensional vector space topology. Note that on G, we have an equivalence 
relation such that (p, q , r) ~ (p r , q' , r') if they are contained in the same orbit. 
By viewing O(A) = G/~, we can give O(A) a natural quotient topology. 

Meanwhile, let Irr(A) be the set of equivalence classes of irreducible *- 
representations of A (Proposition |OJ. For every representation 7r £ Irr(A), 
its kernel is a primitive ideal of A. Consider the “Jacobson topology” [HJ on 
Prirn(A), that is, the closure of a subset U C Prim(A) is defined to be the set 
of all ideals in Prim(A) containing the intersection of the elements of U . Since 
the map 7r t—> Ker(7r) is a canonical surjective map from Irr(A) onto Prim(A), 
the Jacobson topology on Prim(A) can be carried over to Irr(A) (In our case, 
we will actually have Irr(A) = Prim(A), since A is a type I G*-algebra.). 

In exactly the same way, we can also define O(A) and Irr(A) together with 
their respective topological structures. We already know that O(A) = Irr(A) 
and O(A) = Irr(A) as sets. Let us now explore these correspondences a little 
further, in terms of their respective topologies. 

For ordinary Lie groups, the question of establishing a topological home- 
omorphism between the (coadjoint) orbit space 0(G) and the representation 
space Irr(C*(G)) is called by some authors as the “Kirillov conjecture”. It is 
certainly well known to be true in the case of nilpotent Lie groups. It is also 
true in the case of exponential solvable Lie groups (The proof was established 
rather recently m-i 

In our case, the objects of our study are Hopf G*-algebras (quantum 
groups), and we consider dressing orbits instead of coadjoint orbits. On the 
other hand, their classical limits are exponential solvable Lie groups. Because 
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of this, for the proof of Irr(H) = O(A) and Irr(H) = O(A), it is possible to 
take advantage of the general result at the Lie group setting. Here is the main 
result, which is not really surprising: 

Theorem 2.3. (1) Irr(H) = O(A), as topological spaces. 

(2) Irr(H) = O(A), as topological spaces. 

Proof. If we look at the *-representations in Irr(H) computed earlier, we can 
see that they closely resemble the *-representations in ln(C* (H)), the equiv¬ 
alence classes of unitary group representations of the (exponential) Lie group 
H. It actually boils down to replacing “??a (r)” with “r”. The two sets are 
certainly different, but noting that r i—► r]\{r) e is one-to-one and 

onto, it is clear that the topological structures on Irr(H) and on Irr(C'*(/L)) 
are the same. Similar comment holds for the dressing orbit space 0(A) and 
the coadjoint orbit space 0(H). 

By general theory on representations of exponential Lie groups (see section 
3 of [T5]), we have O(H) = Iri'(C*(H)). Therefore, it follows from the ob¬ 
servation in the previous paragraph that G(A) = Irr(T). The proof for the 
homeomorphism G(A) = Irr(H) can be carried out in exactly the same way, 
this time considering the (nilpotent) Lie group H. □ 

This is the general result we wanted to establish. But one drawback of the 
above proof is that it is rather difficult to see what is actually going on. To 
illustrate and for a possible future use, we collect in the below a few specific 
results (with proofs given by direct computations) showing the topological 
properties on In^B). We do not mention the case of A here, but it would be 
obviously simpler. 

Let us begin by describing the quotient topology on G(A). Consider the 
“points” (i. e. orbits) in 0(A). For r / 0, the topology on the set of the 
points O r , s is the standard one, which is just the topology on the (r, s) plane 
excluding the r-axis. When r = 0 and (jp, q) = (0,0), in which case the points 
consist of the orbits (D Sl the topology is exactly the standard topology on a 
line (the s-axis). It is non-standard in the case when 7' = 0 and (p, q) (0,0), 
where the points consist of the orbits O pa . To visualize, the picture (figure 1) 
given at the end of §1.1 will be helpful here. 

Let us now turn our attention to Irr(T). By Theorem 12.31 we already know 
that the topology on it coincides with the quotient topology on O(A), under 
the identification of the two sets via our one-to-one correspondence. In the 
following three propositions, we give direct proofs of a few selected situations 
that show some non-standard topological behavior, i. e. when r = 0 and 
(p, q) A (0: 0). The notation for the representations in Irr(H) are as before. 
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Proposition 2.4. Consider the sequence of representations {H P ,q}, letting 
( p,q) approach (0,0). Then the limit points of the sequence are the represen¬ 
tations 7T s . 

Proof. As (jp,q) —> (0,0), the H Pyq approach the (reducible) representation S, 
which acts on the Hilbert space L 2 (R) and is defined by 

S{f)({d) = J f(x, y, 0, w)((d + w ) dxdydw. 

To see how this representation S decomposes into, consider the unitary map 
(Fourier transform) on L 2 ( R) given by 

tFf(s) = J f(d)e(sd) dd. 

Using we can define the representation S which is equivalent to S. By a 
straightforward calculation using Fourier inversion theorem, we have: 

S(f)({s) = •7 r 'S'(/)-7 r-1 C(s) = J f(x,y,0, w)e(sw)((s) dxdydw. 

We can see that S is the direct integral of the irreducible representations H s . 
In other words, 



Therefore, Ker S C p| s Ker n s . It follows that all the n s are limit points of the 
sequence {f!p,g}(p.g)->(o,o)> under the topology on Irr(A). In view of the result 
of Theorem 12. dl that Irr(A) = O(A), they will exhaust all the limit points. □ 

Proposition 2.5. Consider the sequence of representations {h Ptq }, letting 
q —> 0 while we holdp. More specifically , consider the sequence {fr P ,c n q}, where 
p and q are fixed and {c n } is a sequence of positive numbers approaching 0. 
Then the limit points are the representations 7r Pi o ito,q- 

Proof. It is clear that 7r Pj o is a limit point of the sequence {j r PjCn9 }. Mean¬ 
while, note that i I p ',<y is equivalent to 7r e i p / e -i g / (See the Remark following 
Proposition E2D- Let us choose a sequence of real numbers {l n } such that 
e~ ln c n = 1. Then each it PlCn9 is equivalent to it e i np q . Since the e ln = c n ob¬ 
viously approach 0, we conclude that is also a limit point of the sequence 
{flp,c n g}- O 

Remark. Similarly, we may consider the sequence {7T CnPig }, where p and q are 
fixed and {c n } is a sequence of positive numbers approaching 0. In exactly the 
same way as above, we can show that the limit points are the representations 
7r Pi o and Ho,q- By modifying the proof a little, we can also obtain various 
results of similar flavor. 
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Proposition 2.6. Consider the sequence of representations {7!y iS }, letting 
r —i 0 while s is fixed. Then all the representations n r p , g and the tt s are limit 
points of the sequence. 

Proof. As r —> 0, the 7ry )S approach the following (reducible) representation, 
T, acting on the Hilbert space L 2 (R n ): 

T(f)£(u) = J f(x,y,0,w)e(sw)(e~^) n f,(e~ w u + e~ w x)dxdydw. 

To see how T decomposes into, consider the Fourier transform on L 2 (M. n ). 

tFf(a) = J £,(u)e{a ■ u) du. 

As before, we can define the representation T which is equivalent to T. By a 
straightforward calculation involving Fourier inversion theorem, we have: 

T(f)f(a) = ^ 7 T(/)J r_1 ^(a) = J f(x,y,0,w)e(a-x)e(sw)(e%) n £(e w a)dxdydw. 

Suppose we expressed a as a = e d p, for some p £ W 1 and del. Then it 
becomes: 

T(f)£,(e d p) = J f(x, y, 0, w)e{e d p ■ x)e{sw)(e^) n £ > {e d+w p) dxdydw. 

Fix pfi£ 0), and let us write £ p (d) to be £ p (d) := (e^) n fi(e d p). Then we now 
have: 

nnm = //<*.». 

This is really the expression for the inner tensor product representation, 
7r_ Pi o E3 tt s , which is equivalent to 7r_ Pi o (the proof is by straightforward cal¬ 
culation, similar to the one given in Proposition 4.4 of El)- As in the proof 
of Proposition ITU we thus have: Ker T C p| ?) Ker tt P) q. It follows that all the 

7r Pi o are limit points of the sequence {7ry iS } r _>o, under the topology on Irr(A). 
By the result of Proposition 12.41 it also follows that all the 7r s are limit points 
of the sequence. 

Meanwhile, to look for more limit points of the sequence, let us define the 
representations Q r , s as follows, which are equivalent to the n r , s - We consider 
7ry iS and consider the Hilbert space L 2 (ffi") on which n rtS (A) acts. In L 2 (R”), 
define the unitary map T r defined by 

Tri{y) = J £(u)e(r]\(r)u • «)||?7aW|| 2 du. 

This is again a kind of a Fourier transform, taking advantage of the existence 
of the bilinear form (it, v ) i—> r]\(r)u ■ v in K™. Its inverse is given by 

Jv _1 ^(u) = J £{v)e(q\(r)u ■u)||??aW|| 2 dv. 
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We define the representation Q r ^ s by Q r ,s(f)£, ■= J- r n r ,s{f)J- r We then 
have: 

Qr,s{f)t( v ) = j f( x > J/> r > w)e(s«;)e [rj x (r)(v+y)-x] {e^) n ^(e w v+e w y) dxdydw. 

Since the Q r , s are equivalent to the it r>a , we may now consider the sequence 
{Qr,s}r^o- We can see right away that as r —> 0, the sequence approaches 
the following (reducible) representation, Q, acting on L 2 ( R n ): 

Q{f)£(v) = J f(x,y,0, w)e(sw)(e%) n £,(e w v + e w y) dxdydw. 

We can follow exactly the same method we used in the case of the representa¬ 
tion T to show that we now have: KerQ C Q Ker7To i9 . It follows that all the 
7ro, g are limit points of the sequence {Qr,s}r^o> or equivalently the sequence 

{flr,s}r—>0- 

In this way, we have shown so far that the representations 7r Pi o, the tt o j(J , as 
well as the tt s are limit points of the sequence. It will be somewhat cumber¬ 
some, but by choosing some suitable realizations of the representations 7ty iS , it 
is possible to show that all the representations n p q are also limit points. □ 

Observe that the topological behaviors of Irr(yl) manifested in the above 
three propositions are exactly those of the quotient topology on O(A), as was 
to be expected from Theorem 12.,HI On the other hand, it is not quite sufficient 
to claim only from these types of propositions that the one-to-one correspon¬ 
dences Irr(Al) = O(A) and Irr(A) = O(A) are topological homeomorphisms. 
For this reason, the actual proof was given indirectly. 

These results give affirmation that there is a strong analogy between our 
“quantum” case and the “classical” case of ordinary groups. This is the 
underlying theme of this article. On the other hand, see m , where we discuss 
an interesting “quantum” behavior enjoyed by the *-representations (e. g. the 
quasitriangular property), due to the role played by the comultiplications on 
(. A , A) and (A, A). 


3. Canonical measure on an orbit 


We will work mostly with the dressing orbits in O(A). The case of orbits 
in G(A) will be simpler. 

Recall first the (left) dressing action, 6, of H on G , as defined in Proposition 
[Q1 By our identification of G with its Lie algebra g, the dressing action S 
can be viewed as an action of H on g. It has a corresponding Lie algebra 
representation, dS : fj —> End(g), defined by 


(d6{X))W= j t 


5(tX){y). 


t=0 
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From now on, let us fix a dressing orbit O in g. Let y G O be a typical 
element in the orbit (So O = 6(H)(y).). We define the stabilizer subgroup by 

Rn = {x G H : (S(x))y = y } C //. 

The corresponding Lie subalgebra is 

L={le5: (dS (% = 0}ci,. 

Then the map 'P'' : a: i—> 5{x)y induces a diffeomorphism H/R M = Cb The 
range of the differential map = (d\P M ) e : f) —► ( TO ) M gives us the tangent 
space (TO)fj, at /i. Since dT^f)) = d<5(f))(/r), we have Kei^dT^) = t M and 
(TO)fj, = And we have the diffeomorphism: fj/t^ = (TO)^. All this is 
more or less the same as the case of the coadjoint orbits (see [I]). 

Meanwhile, recall that O is a symplectic leaf, whose symplectic structure 
is given by restricting the Poisson bracket on G. In this way, we obtain a 
(non-degenerate) skew 2-form G A 2 (T0) M , such that for X,Y G !}, we 
have: 

^(dtP^X), d\P M (Y)) 

= p ■ (wx 1 — w'x) + g • (w'y — wy') + rj\(r)(x ■ y' — x' ■ y). (3-1) 

Here y = ( p , < 7 , r, s) and X = (x, y, z, w ), Y = (a:', i/', 2 ', in'). It is easily shown 
to be well-defined (we can show by direct computation). 

Lemma 3.1. For fixed y, the above map u>^ G A 2 (TO) )Jj is well-defined. 

Proof. Suppose X' G 1) is an arbitrary element such that d'ft^(X') = d\ P M (X). 
Then we can write X' = X + (a, b, c, d), for (a, 6 , c, d) G r M . By remembering 
the definition of S (from Proposition ll.31) . we can compute the following: 

(d8(a, b, c, d)) {y) = (-dp + y\(r)b , dq - y\(r)a, 0 ,p-a-q-b), 

where y = (p, q , r, s). So (a, b, c, d) G is characterized by 

dp = V\(r)b, dq = r)\(r)a , p ■ a - q ■ b = 0. 

From this and from the definition of uA given by equation ED, we see easily 
that for any Y G f), we have 

w^dT^X'), d^(Y)) = ^(dtP^X), d^(Y)) . 

Similar argument holds for the second entry, and we conclude that is well- 
defined. □ 

We can define for each y G O. But we can show that u> : y 1 —> aA is 
d(lL)-invariant. To illustrate this more clearly, consider an arbitrary element 
v of O. Suppose it is written as v = S(h)y, for some h G H. The following 
results are true. 
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Lemma 3.2. Let the notation be as above. Define ah : H —> H by ah{x) = 
hxh.- 1 . Then we have: 

5(h) o = 5r' y o cc/j. 

Proof. For any x £ H, 

(a.h(x)) = ^(hxhr 1 ) = SihxhT 1 )^) (by definition) 

= 5(hx)5(h~ 1 )(v) (5 is a left action) 

= 5(hx)(n) (y = d(/i)/i or <5(/i _1 )i' = ^) 

= 5(h)5(x)(y) = 5(h)^^(x). 

□ 

Proposition 3.3. Let (f>h '■= d(5(h)') : ( TO ) M —> (TO) v . We then have, for 

x,YG i), 

oj v ((t> h O d^(X), <!> h O d^(y)) = ^(d^(X), d^ lx (Y)). 

This illustrates that u> : v i—► uj v is 5(H)-invariant. 

Proof. From the previous lemma, we know that 5(h) o = vp'^ o ah- By 
taking differentials, it follows that 

(j>h ° d'k ,J ' = dT" o d(ah). 

For convenience, we wrote d(ah) = (d(ah)) ■ From this, we have 

^(fih o dW(X), fih O dW{Y)) = w v {d$t v O d(a h )(X),d^ o d(a h )(Y)). 

To see if it is same as u>^(d'if IJ, (X), dT M (y)), we will use direct computation. 

So let h = (a,b,c,d) and compute ah, using the multiplication law on H as 
defined earlier (in §1.1): 

ah(x, y, z, w) = (a, b , c, d)(x, y, z, w)(a , b , c, d) _1 

= (a + e d x, b + e~ d y, c + z + e~ d a ■ y, d + w)(—e~ d a, —e d b, —c + a ■ b, —d) 

= (a + e d x — e w a, b + e~ d y — e~ w b, z + a ■ b + e~ d a ■ y — e d ~ w x ■ b — e~ w a ■ b , w). 

It follows that for X = (x, y, z, w) £ f), we have: 

(id(ah)) (X) = (e d x — wa, e~ d y + tub, z + e~ d a ■ y — e d x ■ b + wa ■ b, w). 
Meanwhile, let us write p = (p , q , r, s). Then by definition, 
v = 5(h) y = (6(a,b,c,d))(p,q,r,s) 

= (e~ d p + rj\(r)b, e d q - rj\(r)a,r, s + e~ d p ■ a - e d q ■ b + rj\(r)a ■ b ). 
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Therefore, by using the definition of u> as given in <EH> and by direct computa¬ 
tion using the expressions we obtained above, we see that for X = (x, y, z. w) 
and Y = (x', y', z', w '), 

w v (d^(d(a h )(X)),d^(d(a h )(Y))) 

= [e~ d p + rj\(r)b) ■ \w(e d x' — w'a) — w'(e d x — to)] 

+ ( e d q — rj\(r)a) ■ \w'(e~ d y + wb) — w(e~ d y' + w'b )] 

+ rj\(r) [( e d x — wa) ■ (e~ d y + w'b) — ( e d x 1 — w'a) ■ (e~ d y + wb)] 

= p • (wx' — w'x) + q ■ ( w'y — wy') + rj\(r)(x ■ y 1 — x 1 ■ y) 

= w fl (d^{X),d^ IJ -{Y)). 

Together with the result obtained in the first part, we can conclude our proof. 

□ 

The invariance of to means that it is a C°° 2-form on O , in its unique 
symplectic manifold structure inherited from the Poisson bracket on G. 

Our plan (to be carried out in the next section) is to construct a deformed 
product on a dense subspace of C°°(0), by realizing the functions as operators 
on a Hilbert space. The remainder of this section is to make preparations at 
the level of orbits. Let us begin by pointing out that we can identify H/R^ 
with the vector space V = f)/t /x . What it means is that we are regarding 
O = (TO)fj,. See the following remark. 

Remark. In general, we do not know if R.^ (we may have Rfj not con¬ 

nected). But in our case, if we just follow the definition, it is not difficult to see 
that they can be identified. So we will regard R^ = t M , for every p. Together 
with our earlier (spatial) identification H = f), we thus see that H/R^ 
as vector spaces. The advantage of having the description of 0(= H /i? M ) as 
a vector space is clear. We can use various linear algebraic tools, as well as 
Fourier transforms. 

Let us focus our attention to the vector space V = H / R^ = h/t ;l . By the 
diffeomorphism h/r^ = ( TO ) M , it is equipped with the skew, bilinear form 
B 1 ' . defined by 

B^(X,Y) := w^(d^ ll (X),d^(Y)), 

where A' and Y are the representatives in b of the classes X, Y £ V. By the 
following lemma, we can thus construct a unique “self-dual” measure on V. 

Lemma 3.4. (1) Let V be a (real) vector space, and let dm be a Eu¬ 

clidean measure on V. Suppose B( , ) is a nondegenerate bilinear 
form on V. Then we may use B to identify V with its dual space V*, 
and can define a Fourier transform Tb- 

{F.Bf){v)= f f(v')e-^ iB ^'Um(v'). 

Jv 
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We say that dm is “self-dual” if ||.F.b /||2 = ||/1| 2 , where ||/|| 2 = 
/ \f{v)\ 2 dm(v). 

(2) Suppose {ei, e 2 ,..., efe} is a basis of V and let dv be the normalized 
Lebesgue measure on V. If we denote by the same letter B the matrix 
such that bij = B(ei,ej), then the self-dual measure on V determined 
by B is: dm = | det B \ 5 dv. 

Proof. Linear algebra. □ 

In our case, on V, we have: dm = | det(B ll )\i dX, where dX is the measure 
inherited from the Lebesgue measure, dxdydzdw, on f). Meanwhile, recall that 
(' TO) l _ l = r ;i -. So we may regard ( TO ) p as the dual vector space of V = 

Let us give it the dual measure, dO, of dm. Since ( TO ) M is considered as a 
subspace of g. there already exists a natural measure on it, denoted by 
dZ, inherited from the Plancherel Lebesgue measure, dpdqdrds, on g(= b*). 
We will have: dO = | det(i? At ) | — i dl. 

Since dm and dd have been chosen by using the (unique) symplectic struc¬ 
ture on O, we know that they will be the canonical measures on V(= b/t^) 
and 0{= (TO)ff), respectively. In terms of these canonical measures, there 
exists the “symplectic Fourier transform”, from S C (V) to S c (0), as well 
as its inverse. That is, 

{Xuf)(l) = f f(X)e[(l,X)]dm(X), f € S C (V) 

and 

{T~ x f){X) = / f(l)e[(l,X)] d8(l), f e S C ((D). 

J (TO)^ 

The notation S C (V) means the space of Schwartz functions on V having com¬ 
pact support. So S C (V) C C%°(V). We can actually work in spaces which 
are a little larger than S C (V) and S c (0), but they are good enough for our 
present purposes. 

Let us consider the Hilbert space L 2 (V,dm), which contains 5 C (V) as a 
dense subspace. By the symplectic Fourier transform, we see that L 2 (V, dm) = 
^{O^dO). Due to the canonical nature of our construction, it is rather easy 
to see that the definition of L 2 (0,dd) obtained in this way does not really 
depend on the choice of the representative p € O. Meanwhile, even though 
we did not explicitly mention the case of orbits in O(A), it is obvious that 
everything we have been discussing in this section can be carried out in exactly 
the same way (All we need to do is to let w (or d) and s variables to be zero.). 

4. Deformation of the orbits 

Since a typical dressing orbit O is a symplectic manifold, one hopes that 
there would be a way to define a deformed product on C°°(0), in the spirit 
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of Weyl quantization and Moyal products. Usually, this kind of deformation 
quantization is done in terms of "“-products, involving formal power series j3], 
m- Indeed, Arnal and Cortet in m, ei have shown that for nilpotent or some 
exponential solvable Lie groups, there exist such quantizations on coadjoint 
orbits (again via "“-products). 

Here, we wish to achieve a similar goal of defining a Moyal-type deformed 
product, but without resorting to formal power series. We will define our de¬ 
formed product on a dense subspace S c (0) of C°°(0), by using an operator 
algebra realization on a Hilbert space. The strategy is to relate the deforma¬ 
tion with the irreducible "“-representation corresponding to the given orbit. In 
this article, we plan to discuss only the case of O(A) in relation with Irr(A). 
The case of O(A) and Irr(A) will be our future project (But see Appendix at 
the end of this section.). 

Let us begin our discussion by turning our attention to the irreducible 
"“-representations. The next proposition is very crucial. 

Proposition 4.1. Let it £ Irr(A) be an irreducible representation of A acting 
on Ji K (See Provosition VJi.H for classification.). Let O £ O(A) be the corre¬ 
sponding orbit. Then for f £ A, the operator n(f) £ B(Tt^) turns out to be a 
trace-class operator. Furthermore, 

Tr(n(f)) = f f\ o (v)d0(v), (4.1) 

Jo 

where dd is the canonical measure on O defined earlier. And f denotes the 
partial Fourier transform of f defined by 

f(p', r') = J f(x, y , r')e(p' ■ x + q 1 ■ y) dxdy. 

Remark. The partial Fourier transform / i—> / is the usual one (with respect 
to the Lebesgue measures), not to be confused with the symplectic Fourier 
transform appeared in the previous section. This can be done without trouble, 
since we are (spatially) identifying C>(= ( TO with the subspace r /i - L of g. 

Proof. (For 7r Pjg ): This is a trivial case. Since 

n P , q (f) = / /(*, y,0)e(p-x + q- y) dxdy = f\o p , q (p, 9,0) £ C, 


we have: Tr(7r Pi ,(/)) = f\o p , q (p,d,0). 
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(For 7 r r ): Note that by using Fourier inversion theorem, 

(nr{f))€(u) = J f{x,y,r)e[r]x(r)u-y\^(u + x)dxdy 

= J /lev (p, V\( r ) u , r)€(u + x)e(p ■ x) dpdx 

= J K(n,mmdi, 


where K(u,x) = f f\o r {PBl\{ r ) u > r ) e [p ' ~ u )] dp. That is, 7r r (/) is an 

integral operator whose kernel is given by K , which is clearly an L-function 
since / is a Schwartz function. This means that 7r r (f) is a trace-class operator. 
Moreover, 


Tr ( 7r r(/))=y K(u,u)du = J f\o r (p,rix(r)u,r) dpdu 


= / f\o r (P,u,r)- 


Vx(r)\ 


■dpdu. 


But the measure |7 ?a(^)| " dpdu is none other than the canonical measure 
dO(p , u, r ) on O r . To see this more clearly, recall the definition of the bilinear 
map on fj/r^ = O. In our case, we may choose p = (0,0, r) and pj/r^ = Pj/j. 
We then have: 

B^(X,Y) = p x {r){x ■ y' - x’ ■ y), 

where X and Y are the classes in ( 5/3 represented by X = (x,y, 0) and Y = 
(x\ y ', 0). By simple calculation, we have: det(B /i ) = (px{r)) . From this, it 

follows from the discussion following Lemma 13.41 that the canonical measure 
on O r is: 

d0(p',q',r) = |det(i? M )| 2 dp’dq' = |t?a(?')| n dp'dq'. 

This verifies the trace formula: equation JT]]). □ 


Corollary. Let 7 r £ Irr(ri). Since each 7r(/), f £ A, is a trace-class operator, 
it is also Hilbert-Schmidt. In our case, the Hilbert-Schmidt norms are given 
by 

|K,<z(/)||hs = |/(P)9>°)| 2 7 

|| 7 r r(/)||fjs = J f(P^d',r)f{p',q',r)\r]x{r)\ " dp'dq' = J \f(p’,q’,r)\ 2 d6. 
Indeed, we actually have, for f,g£ A: 

Tr(7r(s)*7r(/)) = Tr(7r( S * x /)) = (f\o r ,g\o r ) 0 , 

where x is the multiplication on A and g 1 —> g* is the involution on A, while 
( , )o denotes the inner product on L 2 (O,d0). 
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Proof. We just need to remember the definitions of the multiplication and 
involution on A (for instance, see Propositions 2.8 and 2.9 of im and use 
the trace formula obtained in the previous proposition. The result follows 
from straightforward computation. □ 


Since the elements 7r(/), f £ A, form a dense subspace in HS(Tt n ), the 
above Corollary implies that we have a Hilbert space isomorphism between 
HS(TLn) and L 2 (O,d0). To be a little more precise, let us consider the map 
from HS{Hn) to L 2 {0,d9) by naturally extending the map 7 r(/) i—> /|e>. 
By the result we just obtained, the map is an isometry, preserving the inner 
product. It is clearly onto. Let us from now on consider its inverse map 
and denote it by S n . In this way, we have the spatial isomorphism, S n : 
L 2 (0, dd) = HSlfH.^). 

We are now ready to discuss the deformation of the orbits O. The point is 
that through the map S v , an arbitrary element </> G S c (0) can be considered 
as a (Hilbert-Schmidt) operator on Tt n . Let us denote this correspondence by 
Q n . It is the same as the map S', r above, but now we work with the operator 
norm on B(H n ) instead of the Hilbert-Schmidt norm on HS(H n ). The result 
is summarized in the below. 

Proposition 4.2. Let Q n : S c (0) —> 3(0.^) be defined as above. Then Q n 
determines a deformed product on S c (0) by Q 7 r{4>XQ'fi) = The 

involution on S c (0) will be given by = Qtt(V ; ) ■ They are described 

in the below: 

(1) (The case of the 1-point orbit O p ^ q ): For <j), if £ S c (O pa ), 


(< i> XQ V’)0><b°) = </>(??,'?,0)V’(p, <7,0), 

0 ) = i/j(p,q, 0 ). 


(2) (The case of the 2n-dimensional orbit O r ): For <f,ip £ S c (O r ), 
X Q fi)(a,(3,r) = / <f(p,(3,r)fi>(a,P + r]x{r)x,r)e[{p-a) ■ x] dpdx, 


ip*(a,f3,r)= / if(p,q,r)e[(a - p) ■ x + (/3 - q) ■ y\e[ri\(r)x ■ y\ dpdqdxdy. 


Proof. The computations are straightforward from the definitions. So we will 
just verify the multiplication formula f>XQip, for the case of the 2 n-dimensional 




20 


BYUNG-JAY KAHNG 


orbit. Indeed, for £ G £>(L 2 (R”)), we have: 

Qn r {4>)Q-Kr (V0£( u ) 

= J <t>(P, Q,r)e(p -x + q- y)e[r)\(r)u ■ y\Q^ r {^)i{u + x) dpdqdxdy 
= J 4>(P, V\(r)u,r)e(p ■ x)Q 7Ir {t/j)£,(u + x) dpdx 
= / *(D«, r)e(p • <wM(« + *). r) «(S'*')«“ + * + *'> 

= y (0 x Q ^)(& r)\(r)u, r)e@ • *')£(* + a/) d£dz' 

= Q* r (<t> XQ V’)C('W), 

where 

(< f)X Q ip)(p,rjx{r)u,r ) = J <f>(p,r)x{r)u,r)'i/)(p,Tix(r)(u+x),r)e[(p-p)-x] dpdx. 

□ 


Remark. Since the "“-algebra structure on S c (0) has been defined via a *- 
representation, the properties like associativity of the multiplication are im¬ 
mediate. Although we do not plan to point out the actual deformation process, 
the product on S c (0) as obtained above can be shown to be a deformation 
quantization of the pointwise product on S c (0 ), in the direction of the sym- 
plectic structure (given by or B^ in our case) on the orbit O: For instance, 
just as in m or in we can replace B^(X, Y) by j^B^^HX, HY) and proceed, 
with h being the deformation parameter. 

In this sense, we call </> Xq ip a Moyal-type product, because it resembles 
the process of Weyl quantization of C'°°(K 2fe ) and Moyal product. Recall that 
in Weyl quantization (e. g. see |Bj), functions (/), t)) G C“(]R 2fe ) are associated 
to certain operators and involving Schrodinger’s P, Q operators, and 
the operator multiplication F^F^ is defined to be giving us the Moyal 

product. Several authors since have modified this process to obtain various 
versions of Moyal-type products (mostly in terms of *-products and formal 
power series). Above formulation is just one such. On the other hand, note 
that in our case, we do not have to resort to the formal power series. Our 
quantization is carried out using the C*-algebra framework. 

Definition 4.3. We will write A n := Q 7r (S c (0 7r ))^ ^ P , the norm closure in 
B(Hn) of the "“-algebra S c {0~) considered above. The C*-algebras A n will be 
considered as the quantizations of the orbits O n . 

In view of the proposition ro we may as well say that each irreducible 
representation of (A, A) “models” the deformed multiplication on each S c {0). 
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This is not necessarily a very rigorous statement, but it does give us a helpful 
insight: Note that in the geometric quantization program, especially in the 
program introduced in ®, one studies the representation theory of Lie groups 
(or more general objects) via deformed products of functions. 

Meanwhile, from the Corollary to ProDOsition l4.ll the following Plancherel- 
type result is immediate. Here, A is viewed as a dense subspace of PL, which 
is the Hilbert space consisting of the L 2 -functions in the (x, y , r) variables. It 
is the Hilbert space on which our Hopf C*-algebra {A, A) acts (See §1.2, as 
well as our previous paper m-)- 

Proposition 4.4. For f € A, viewed as a Schwartz function contained in the 
Hilbert space Pi, we have: 

ll/lll = j IM/JHhsMoI" dr ' ( 4 - 2 ) 

Proof. For / G A, 

ll/lll = ll/lll = J \f(p,q,r)\ 2 dpdqdr 

f(p, Q, r) | 2 \r) X (r) [ " dpdq^j / a (r) |" dr 
= J \\Mf)\\ 2 m \vx{r)\ n dr. 

□ 

In Irr(A) = O(A), the topology on the subset {7r r } (consisting of generic 
representations) is the standard one, which is just the vector space topology 
on a line (the r-axis) with one point removed (at r = 0). And, the {7iy} form 
a dense subset in Irr(A). So dp = /a(t)| dr in (14.211 may be regarded as a 
measure on Irr(A), which is (densely) supported on {7r r } C Irr(A). Keeping 
the analogy with the representation theory of nilpotent Lie groups [1], we will 
call dp the Plancherel measure on Irr(A). 

Relative to the Plancherel measure dp, we can construct the following direct 
integral of Hilbert spaces: 

/*© 

/ H.S(H n ) dp(n), 

J Irr(A) 

where HS(7f lr ) denotes the space of Hilbert-Schmidt operators on H n . The 
Plancherel formula m implies that the map 

/*© 

T:M-> / HS {H n )dp(n) 

J Irr(A) 

defined by T(/)(7r) := 7r(/), n € Irr(A), is an isometry. Clearly, T will extend 
to an isometry on PL. Actually, T is an onto isometry. 
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Theorem 4.5. (The Plancherel Theorem) 

The map T : Tt —> f Irr ^ A j HS(?in) dp,{ tt) as defined above is an onto isometry. 
In other words, the spatial isomorphism T gives a direct integral decomposition 
ofTi, via the Plancherel formula iTO . 

Proof. This is a version of the Plancherel Theorem. The proof can be given 
following the direct integral analysis of Dixmier u §18]. We can further say 
that the Plancherel measure is actually unique. This result illustrates the fact 
that A is a type I C*-algebra. □ 

Recall that on Tt, the algebra A (or A) acts by regular representation L. 
The precise definition can be found in our previous papers, but L(f), f £ A, 
is none other than the multiplication operator defined by L(f )£ = / x £, 
where £ £ A C Tt and x is the multiplication on A. Meanwhile, on each fiber 
HS(Wn-) of the decomposition, / £ A acts by F > n(f)F, where the right 
hand side means the operator multiplication between the two Hilbert-Schmidt 
operators on Un¬ 
it is easy to see that T intertwines these actions. That is, if /, £ £ M(C Tt), 
then 

T(L(/)£)(tt) = T(f x £) (tt) = tt(/ x £) = *(/)*(£) = 7t(/)(T(£)(7t)), 

which holds for all tt. In other words, we have the equivalence of representa¬ 
tions: 

r © 

L= TT dp,(n). 

Jiti(A) 

This means that the regular representation has a direct integral decomposition 
into irreducible representations. 

Remark. Even though the Plancherel measure is supported only on the set of 
generic irreducible representations {7r r }, note that since /r(lrr(Al) \ {7iy}) = 0 
and closure of the { 7 iy} is all of Irr(Al), the above result is consistent with 
the observation made in our earlier paper (in M) on the amenability of A. 
Meanwhile, we point out here that very recently, Desmedt 0 has studied the 
amenability problems and a generalized version of Plancherel theorem, in the 
setting of locally compact quantum groups (The author thanks the referee for 
this information.). 

Before we wrap up, let us point out the following interesting observation: 
By our quantization map Qn, we saw that the deformed product on S C ((D) is 
actually an operator multiplication, and we summarized this situation by say¬ 
ing that “each irreducible representation models the deformed multiplication 
on each S c (0)” . Now by the Plancherel theorem, the regular representation 
L of A has a direct integral decomposition into the irreducible representa¬ 
tions. Since the regular representation is given by the left multiplication on 
A (and A), and since each irreducible representation models the Moyal-type 
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deformed multiplication on each S C (0), the Plancherel theorem can be loosely 
stated as follows: “the twisted product on A is patched-up from the deformed 
multiplications on the S c (0)”. 

In our case, the twisted product on A was obtained directly as a deforma¬ 
tion quantization of the Poisson bracket, via a certain (continuous) cocycle 
i, pm. The above paragraph suggests a more geometric approach such that 
one may try to construct the twisted product by first studying the individual 
dressing orbits (symplectic leaves), find a Moyal-type products on them, and 
then “patch-up” these deformed products. A similar idea is being used in [22] . 
although the settings are different from ours. 

In general, we do not expect it to work fully, due to various obstructions 
caused by the complexities of the symplectic leaves themselves and of the 
way the leaves lie inside the Poisson manifold. Nevertheless, this observation 
underlines the point that the dressing orbits and the representation theoretical 
analysis play a very useful role in the development of quantization methods. 

5. Appendix: Deformation of the orbits in O(A) 

Finally, a short remark is in order for the case of the orbits in 0(A), in 
relation with the representations in Irr(A). Generally speaking, the ideas we 
followed in section 4 do go through, in the sense that we can define a deformed 
multiplication on an orbit O 6 0{A), which is modeled by the irreducible rep¬ 
resentation corresponding to the orbit. In addition, the Plancherel type result 
exists, giving us an interpretation as above that the regular representation is 
“patched-up” of the deformed multiplications on the orbits. 

On the other hand, not all the steps go through and some modifications 
should be made. We do not plan to give any detailed discussion here (which 
would be rather lengthy and since it is still in the works), but we will briefly 
indicate in the below where the modifications should occur. 

For the cases of the representations i r s and nr Ptg , essentially the same re¬ 
sults hold as in Propositions n~n and n~ 2 i That is, we do have the spatial 
isomorphism L 2 (O- K ,d0) = HS(7-G), and from this the Moyal-type deformed 
multiplication on the orbits can be obtained. The case of the representations 
7 r riS is when we need some care: The operators fry, s (/), / £ A, are no longer 
trace-class, and it seems we need to incorporate a kind of a “formal degree” 
operator (as in for ^r,s, to define the Hilbert-Schmidt operators. Even 
with this adjustment, the Hilbert-Schmidt operator space is not isomorphic 
to L 2 (O rtS , dO). 

Some of these are serious obstacles, but it turns out that there is still 
a way to define a deformed multiplication on each orbit, again modeled 
by the irreducible representations. We do not seem to have spatial iso¬ 
morphisms between the L 2 (O rtS ,dd) and the HS(7d^ ra ), but we can still 
show that f' S L 2 (O r , s ,d9)ds = HS(H- Kr s ) ds. From this, it follows that: 
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/® L 2 (O r , a ,dd) |?7a(?')| 1 drds = H, where H is the Hilbert space on which 
our C”*-algebra A acts by regular representation (as in Example 3.6 of uni)- 

This would be the result taking the place of Theorem 14.51 above. 

References 

[1] D. Arnal, * products and representations of nilpotent groups, Pacific J. Math. 114 
(1984), no. 2, 285-308. 

[2] D. Arnal and J. C. Cortet, Representations * des groupes exponentiels, J. Funct. Anal. 
92 (1990), 103-135 (French). 

[3] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer, Deformation 
theory and quantization I, II, Ann. Phys. 110 (1978), 61-110, 111—151. 

[4] L. Corwin and F. P. Greenleaf, Representations of Nilpotent Lie Groups and Their 
Applications. Part 1 , Cambridge studies in advanced mathematics, no. 18, Cambridge 
Univ. Press, 1990. 

[5] P. Desmedt, 2003, Ph.D. thesis (KU Leuven, Belgium). 

[6] J. Dixmier, C*-algebras, North-Holland, 1977. 

[7] M. Duflo and M. Rais, Sur Vanalyse harmonique sur les groupes de Lie resolubles, 
Ann. Scient. Ec. Norm. Sup., 4 e serie t. 9 (1976), 107-144 (French). 

[8] G. B. Folland, Harmonic Analysis in Phase Space , Annales of Mathematical Studies, 
no. 122, Princeton University Press, 1989. 

[9] B. J. Kahng, Deformation quantization of certain non-linear Poisson structures, Int. 
J. Math. 9 (1998), 599-621. 

[10] _, Non-compact quantum groups arising from Heisenberg type Lie bialgebras, J. 

Operator Theory 44 (2000), 303-334. 

[11] _, * -representations of a quantum Heisenberg group algebra, Houston J. Math. 

28 (2002), 529-552. 

[12] _, Haar measure on a locally compact quantum group , J. Ramanujan Math. Soc. 

18 (2003), 385-414. 

[13] A. A. Kirillov, Unitary representations of nilpotent Lie groups, Russian Math. Surveys 
17 (1962), no. 4, 53-104, Translated from Usp. Mat. Nauk. 17 (1962), 57-110. 

[14] _, Elements of the Theory of Representations, Springer-Verlag, Berlin, 1976. 

[15] _, The orbit method, I: Geometric quantization, Representation Theory of 

Groups and Algebras, Contemp. Math., no. 145, American Mathematical Society, 1993, 
pp. 1-32. 

[16] _, Merits and demerits of the orbit method, Bull. AMS 36 (1999), no. 4, 433-488. 

[17] B. Kostant, Quantization and unitary representations, Lecture Notes in Modern Anal¬ 
ysis and Applications III, Lecture Notes in Math., no. 170, Springer-Verlag, 1970, 
pp. 87-208. 

[18] J. Kustermans and S. Vaes, Locally compact quantum groups, Ann. Scient. Ec. Norm. 
Sup., 4 e serie t. 33 (2000), 837-934. 

[19] H. Leptin and J. Ludwig, Unitary Representation Theory of Exponential Lie Groups, 
Walter de Gruyter & Co., 1994. 

[20] S. L. Levendorskii and Y. S. Soibelman, Algebras of functions on compact quantum 
groups, Schubert cells, and quantum tori, Comm. Math. Phys. 139 (1991), 141-170. 

[21] J. H. Lu and A. Weinstein, Poisson Lie groups, dressing transformations and Bruhat 
decompositions, J. Diff. Geom. 31 (1990), 501-526. 

[22] T. Natsume, R. Nest, and I. Peter, C*-algebraic deformation quantization of symplectic 
manifolds, 1999, preprint. 

[23] M. A. Rieffel, Lie group convolution algebras as deformation quantizations of linear 
Poisson structures, Amer. J. Math. 112 (1990), 657-685. 








QUANTUM HEISENBERG GROUP ALGEBRA 


25 


[24] _, Deformation quantization for actions of R d , Memoirs of the AMS, no. 506, 

American Mathematical Society, Providence, RI, 1993. 

[25] M. A. Semenov-Tian-Shansky, Dressing transformations and Poisson group actions , 
Publ. RIMS, Kyoto Univ. 21 (1985), 1237-1260. 

[26] Y. S. Soibelman and L. L. Vaksman, Algebra of functions on the quantum group SU (2), 
Functional Anal. Appl. 22 (1988), 170-181. 

[27] J. Vey, Deformation du crochet de Poisson sur une variete symplectique , Comm. Math. 
Helv. 50 (1975), 421-454 (French). 

Department of Mathematics, University of Kansas, Lawrence, KS 66045 
E-mail address: bjkahng@math.ku.edu 



